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Twist-3 effects for polarized virtual photon structure function g
γ
2
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We investigate twist-3 effects in the polarized virtual photon. The structure function g
γ
2 , which exists only
for the virtual photon target and can be measured in future polarized e+e− collider experiments, receives both
twist-2 and twist-3 contributions. The twist-3 part is analyzed in pure QED interaction as well as in LO QCD.
We find the twist-3 contribution is appreciable for the photon in contrast to the nucleon case.
1. Introduction
In experiments of polarized deep inelastic
lepton-nucleon scattering, we can obtain informa-
tion on the two spin-dependent structure func-
tions gnucl1 and g
nucl
2 of the nucleon. In the lan-
guage of operator product expansion (OPE), the
twist-2 operators contribute to gnucl1 in the leading
order of 1/Q2. On the other hand, gnucl2 receives
contributions from both twist-2 and twist-3 op-
erators in the leading order. The twist-2 part of
gnucl2 can be extracted, once g
nucl
1 is measured, by
so-called Wandzura-Wilczek (WW) relation [1]:
gnucl2,tw.2(x,Q
2) = gnucl,WW2 (x,Q
2)
≡ −gnucl1 (x,Q
2) +
∫ 1
x
dy
y
gnucl1 (y,Q
2) .(1)
The difference, gnucl2 = g
nucl
2 − g
nucl,WW
2 , contains
the twist-3 contribution. The experimental data
so far obtained show that the twist-3 contribution
to gnucl2 appears to be negligibly small [2,3].
In recent years, there has been growing inter-
est in the study of spin structures of photon. The
polarized photon structure functions can be mea-
sured by the polarized e+e− collision experiments
in the future linear colliders (Fig.1), where −Q2
(−P 2) is the mass squared of the probe (target)
photon. For the virtual photon target, there ap-
pears two structure functions gγ1 (x,Q
2, P 2) and
gγ2 (x,Q
2, P 2), which are the analogues to the
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Figure 1. Deep inelastic scattering on a polar-
ized virtual photon in polarized e+e− collision,
e+e− → hadrons (quarks and gluons). The mass
squared of the probe (target) photon is −Q2
(−P 2) (P 2 ≪ Q2).
spin-dependent nucleon structure functions gnucl1
and gnucl2 , respectively.
Now we may ask about the photon structure
function gγ2 : (i) Does g
γ
2 also receive twist-3 con-
tribution? (ii) If so, is it small like the nucleon
case, or, appreciable? (iii) Does the WW relation
also hold for gγ2 , in other words, is the twist-2 part
of gγ2 expressible in terms of g
γ
1 ? (iv) Does any
complication occur in the QCD analysis for gγ2 ?
These issues will be discussed [4] in the following.
22. gγ2 in Parton Model
Let us begin with the analysis of gγ1 and g
γ
2
in the simple parton model, in the kinematical
region P 2 ≪ Q2. Evaluating the box diagrams
(massless quark-loops) depicted in Fig.2 with the
power corrections of P 2/Q2 being neglected, we
obtain
g
γ(Box)
1 (x,Q
2, P 2) =
3α
π
Nf 〈e
4〉
[
(2x− 1) ln
Q2
P 2
−2(2x− 1)(lnx+ 1)
]
, (2)
g
γ(Box)
2 (x,Q
2, P 2) =
3α
π
Nf 〈e
4〉
[
−(2x− 1) ln
Q2
P 2
+2(2x− 1) lnx+ 6x− 4
]
, (3)
where x = Q2/(2p · q), 〈e4〉 =
∑Nf
i=1 e
4
i /Nf with
Nf being the number of active quark flavours and
α = e2/4π.
First, note that g
γ(Box)
2 satisfies the Burkhardt-
Cottingham (BC) sum rule [5],∫ 1
0
dxg
γ(Box)
2 (x,Q
2, P 2) = 0 . (4)
In fact, we will see from the OPE analysis in Sec.3
that the BC sum rule for gγ2 generally holds in the
deep-inelastic regionQ2 ≫ P 2. Now we apply the
the WW relation to the above results for g
γ(Box)
1
and g
γ(Box)
2 , and define
g
γWW(Box)
2 (x,Q
2, P 2) ≡ −g
γ(Box)
1 (x,Q
2, P 2)
+
∫ 1
x
dy
y
g
γ(Box)
1 (y,Q
2, P 2) . (5)
The difference, g
γ(Box)
2 = g
γ(Box)
2 − g
γWW(Box)
2 , is
then given by
g
γ(Box)
2 =
3α
π
Nf〈e
4〉
[
(2x− 2− lnx) ln
Q2
P 2
−2(2x− 1) lnx+ 2(x− 1) + ln2x
]
, (6)
and its n-th moment is
g
γ(Box)
2, n =
3α
π
Nf〈e
4〉
n− 1
n
×
[
−
1
n(n+ 1)
ln
Q2
P 2
+
2
(n+ 1)2
−
2
n2
]
. (7)
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Figure 2. The box diagrams contributing to gγ1
and gγ2 in pure QED interaction.
In Fig.3, we plot the parton model results,
g
γ(Box)
1 , g
γ(Box)
2 and g
γ(Box)
2 given in Eqs.(2, 3, 6),
as functions of x for Q2 = 30 GeV2 and P 2 = 1
GeV2. We can see that g
γ(Box)
2 is comparable in
magnitude with g
γ(Box)
2 for large region of x. It
is now expected by analogy with the nucleon case
that g
γ(Box)
2 arises from the twist-3 effects. In
fact, we will be convinced in Sec. 3 that g
γ(Box)
2
is the twist-3 contribution.
3. OPE and Pure QED Effects on gγ2
Applying OPE for the product of two electro-
magnetic currents, we get for the µ-ν antisym-
metric part,
i
∫
d4xeiq·xT (Jµ(x)Jν(0))
A
= −iǫµνλσq
λ
∑
n=1,3,···
(
2
Q2
)n
qµ1 · · · qµn−1 (8)
×
{∑
i
En(2)iR
σµ1···µn−1
(2)i +
∑
i
En(3)iR
σµ1···µn−1
(3)i
}
,
where Rn(2)i and R
n
(3)i are the twist-2 and twist-
3 operators, respectively, and En(2)i and E
n
(3)i are
corresponding coefficient functions. The twist-2
operators Rn(2)i have totally symmetric Lorentz
indices σµ1 · · ·µn−1, while the indices of twist-
3 operators Rn(3)i are totally symmetric among
µ1 · · ·µn−1 but antisymmetric under σ ↔ µi.
Thus the “matrix elements” of operators Rn(2)i
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Figure 3. The Box-diagram contributions to gγ1
(dashed line), gγ2 (solid line) and g
γ
2 (dash-2dotted
line) for Q2 = 30 GeV2 and P 2 = 1 GeV2. The
2x− 1 line shows the leading logarithmic term of
gγ1 .
and Rn(3)i sandwiched by two photon states with
momentum p have the following forms:
〈0|T (Aρ(−p)R
σµ1···µn−1
(2)i Aτ (p))|0〉Amp
= −ian(2)iǫρτα
{σpµ1 · · · pµn−1}pα − (traces) ,
〈0|T (Aρ(−p)R
σµ1···µn−1
(3)i Aτ (p))|0〉Amp
= −ian(3)iǫρτα
[σ, p{µ1 ] · · · pµn−1}pα − (traces),
where the suffix ‘Amp’ stands for the amputation
of the external photon lines. Then the moment
sum rules for gγ1 and g
γ
2 are written as follows:∫ 1
0
dxxn−1gγ1 (x,Q
2, P 2) =
∑
i
an(2)iE
n
(2)i(Q
2),
∫ 1
0
dxxn−1gγ2 (x,Q
2, P 2) =
n− 1
n
×
[
−
∑
i
an(2)iE
n
(2)i(Q
2) +
∑
i
an(3)iE
n
(3)i(Q
2)
]
.
From this general OPE analysis we conclude:
(i) The BC sum rule holds for gγ2 ,∫ 1
0
dxgγ2 (x,Q
2, P 2) = 0 . (9)
(ii) The twist-2 contribution to gγ2 is expressed by
the WW relation
−
n− 1
n
∑
i
an(2)iE
n
(2)i(Q
2)
=
∫ 1
0
dxxn−1gγWW2 (x,Q
2, P 2) , (10)
with
gγWW2 (x,Q
2, P 2)
≡ −gγ1 (x,Q
2, P 2) +
∫ 1
x
dy
y
gγ1 (y,Q
2, P 2) . (11)
(iii) The difference, gγ2 = g
γ
2 − g
γWW
2 , contains
only the twist-3 contribution,∫ 1
0
dxxn−1gγ2 (x,Q
2, P 2)
=
n− 1
n
[∑
i
an(3)iE
n
(3)i(Q
2)
]
. (12)
Let us now analyze the twist-3 part of gγ2 in
pure QED, i.e., switching off the quark-gluon cou-
pling, in the framework of OPE and the renormal-
ization group (RG) method. In this case the rel-
evant twist-3 operators are the quark and photon
operators, which are given, respectively, by
R
σµ1···µn−1
(3)q
= in−1e2q ψγ5γ
[σ,D{µ1] · · ·Dµn−1}ψ , (13)
R
σµ1···µn−1
(3)γ
=
1
4
in−1ǫ[σαβγF
α{µ1]∂µ2 · · · ∂µn−1}F βγ ,(14)
where eq is the quark charge, Dµ = ∂µ + ieAµ
is the covariant derivative, Fαβ is the photon
field strength, { } means complete symmetriza-
tion over the indices, while [σ, µj ] denotes anti-
symmetrization on σµj , and trace terms are omit-
ted. With the choice of the above photon opera-
tor Rn(3)γ , we have a
n
(3)γ = 1 .
Solving the RG equation for the coefficient
functions corresponding to operators Rn(3)q and
4Rn(3)γ , we obtain, to lowest order in α,
En(3)q
(Q2
µ2
, α
)
= 1 +O(α) (15)
En(3)γ
(Q2
µ2
, α
)
=
α
8π
Kn(3)q ln
Q2
µ2
+
α
4π
3e4qB
n
(3)γ ,
where Kn(3)q is the mixing anomalous dimension
between the twist-3 photon operator Rn(3)γ and
quark operator Rn(3)q and is given by
Kn(3)q = −24e
4
q
1
n(n+ 1)
. (16)
The “matrix element” an(3)q of the quark operator
Rn(3)q between the photon states is calculated to
be
an(3)q =
α
4π
(
−
1
2
Kn(3)q ln
P 2
µ2
+ 3e4qA
n
(3)q
)
. (17)
Inserting Eqs.(15)-(17) into (12) and remember-
ing an(3)γ = 1, we obtain for the n-th moment of
gγ2 in pure QED,
gγ, n2 |QED =
n− 1
n
α
4π
3e4q
{
−
4
n(n+ 1)
ln
Q2
P 2
+An(3)q +B
n
(3)γ
}
. (18)
The dependence on the renormalization point µ
disappears. And we note that although An(3)q and
Bn(3)γ are individually renormalization-scheme de-
pendent, the sum An(3)q + B
n
(3)γ is not. The cal-
culation of box diagrams in Fig.2 gives
An(3)q +B
n
(3)γ = 8
{
1
(n+ 1)2
−
1
n2
}
. (19)
Now adding all the quark contributions of active
flavours and replacing 3e4q in (18) with 3Nf 〈e
4〉,
we find that the result is nothing but g
γ(Box)
2, n given
in Eq.(7), which is derived from the box-diagram
calculation. Thus it is now clear that g
γ(Box)
2, n is
indeed the twist-3 contribution.
4. QCD Effects on gγ2
We now switch on the quark-gluon coupling
and consider the QCD effects on gγ2 , the twist-
3 part of gγ2 . In the nucleon case, the analysis of
gnucl2 , the twist-3 part of the structure function
gnucl2 , turns out to be very complicated [6]. This
is due to the fact that the number of participat-
ing twist-3 operators grows with spin (moment of
gnucl2 ) and that these operators mix among them-
selves through renormalization. Therefore, the
Q2 evolution equation for the moments of gnucl2
cannot be written in a simple form, but in a sum
of terms, the number of which increases with spin.
The same is true for gγ2 . However, in certain
limits the analysis for the moments of gγ2 becomes
tractable. One is when n is a small number and
the other is the large NC (the number of colours)
limit for the analysis of g
γ(NS)
2 , the flavour non-
singlet part of gγ2 . Indeed, for n = 3 (the non-
trivial lowest moment), we can get all the infor-
mation on the necessary anomalous dimensions
of participating operators, and thus we obtain
the LO QCD prediction for the third moment of
gγ2 [4]. On the other hand, for large NC , we can
evade the problem of operator mixing for g
γ(NS)
2 ,
and obtain the moments of g
γ(NS)
2 in a compact
form for all n.
In the case of g
nucl(NS)
2 , the twist-3 and flavour
nonsinglet part of the nucleon structure function
gnucl2 , it has been observed [7,8] that at large NC ,
the operators involving gluon field strength Gµν
decouple from the evolution equation of g
nucl(NS)
2 ,
and the whole contribution in LO is represented
by one type of operators. In the photon case, the
relevant twist-3 operators for g
γ(NS)
2 are
R
σµ1···µn−1
(3)F
= in−1 ψγ5γ
[σ,D{µ1] · · ·Dµn−1}Qchψ , (20)
and the photon operators Rn(3)γ given in Eq.(14).
Here Dµ = ∂µ − igA
a
µT
a + ieAµ is the covari-
ant derivative, and Qch is the quark-charge factor
and defined by Qch = Q2 − 〈e2〉1, where Q is the
Nf×Nf quark-charge matrix, 〈e
2〉 =
∑Nf
i=1 e
2
i /Nf
and 1 is an Nf ×Nf unit matrix. In the approxi-
mation of neglecting terms of order O(1/N2C) and
thus putting 2CF = CG, the mixing anomalous
dimensions between Rn(3)F and other hadronic
(quark and gluon) operators turn out to vanish.
Those which remain non-zero are only the (F, F )
element and the mixing anomalous dimension be-
5tween Rn(3)F and the photon operator R
n
(3)γ :
γˆ
(0)
n,FF = 8CF (Sn −
1
4
−
1
2n
) , (21)
with Sn =
n∑
j=1
1
j
,
K
(0)
n,F = −24Nf(〈e
4〉 − 〈e2〉2)
1
n(n+ 1)
. (22)
The corrections are of O(1/N2C), about 10% for
QCD (NC = 3). Using the above results, we find
that, for large NC , the n-th moment of g
γ(NS)
2
in LO QCD is given by∫ 1
0
dxxn−1g
γ(NS)
2 (x,Q
2, P 2)
=
n− 1
n
α
4π
2π
β0αs(Q2)
K
(0)
n,F
1
1 + γˆ
(0)
n,FF /2β0
×
{
1−
(
αs(Q
2)
αs(P 2)
)γˆ(0)
n,FF
/2β0+1}
, (23)
where αs(Q
2) is the QCD running coupling con-
stant and β0 = (11NC − 2Nf)/3 is the one-loop
coefficient of the β function.
We perform the Mellin transform of Eq.(23) to
get g
γ(NS)
2 (x,Q
2, P 2) as a function of x. The re-
sult is plotted in Fig.4. Comparing with the pure
QED box-graph contribution, we find that the
LO QCD effects are sizable and tend to suppress
the structure function g
γ(NS)
2 both in the large x
and small x regions, so that the vanishing n = 1
moment of g
γ(NS)
2 , i.e. the BC sum rule, is pre-
served.
5. Conclusion
We have analyzed the twist-3 effects in gγ2 for
the virtual photon target, in pure QED inter-
action as well as in LO QCD. We have found
that the twist-3 contribution is appreciable for the
photon in contrast to the nucleon case. In this
sense, the virtual photon structure function gγ2
provides us with a good testing ground for study-
ing the twist-3 effects. We expect that the future
polarized version of e+e− colliders may bring us
important information on spin structures of pho-
ton.
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Figure 4. The Box-diagram (dashed line) and the
QCD LO (solid line) contributions for largeNC to
the flavour nonsinglet photon structure function
g
γ(NS)
2 (x,Q
2, P 2) for Q2 = 30 GeV2 and P 2 = 1
GeV2 for Nf = 3.
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